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Kitaev’s quantum double models, including the toric code, are canonical examples of quantum
topological models on a 2D spin lattice. Their Hamiltonian defines the groundspace by imposing an
energy penalty to any nontrivial flux or charge, but does not distinguish among those. We generalize
this construction by introducing a novel family of Hamiltonians made of commuting four-body
projectors that provide an intricate splitting of the Hilbert space by discriminating among non-trivial
charges and fluxes. Our construction highlights that anyons are not in one-to-one correspondence
with energy eigenspaces, a feature already present in Kitaev’s construction. This discrepancy is due
to the presence of local degrees of freedom in addition to topological ones on a lattice.
I. INTRODUCTION
Interacting topological spin models are of interest in
the field of condensed matter theory and quantum infor-
mation due to their promising properties to encode quan-
tum information into their degenerate groundspace. The
different ground states can be labeled through a topo-
logical property of the system, e.g., by the equivalency
classes of the different non-contractible loops on a torus.
The quantum information encoded into a ground state
can be recovered by performing error correction, even
after a long time provided only local coherent errors are
introduced by the environment. In this sense, topological
systems are inherently robust to decoherence.
One of the first proposals for a topological quantum
code is the toric code by Kitaev [1]. This is a two-
dimensional system with periodic boundary conditions,
i.e., with a toroidal geometry, where physical spin-1/2
particles or qubits live on edges of a 2D square lattice.
This model has a four-fold degenerate groundspace, the
groundspace encodes two logical qubits. Any local oper-
ator acts trivially within the groundspace whereas opera-
tors acting on a large number of qubits residing on a non-
contractible loop going around the torus act non-trivially.
An experimentally more feasible version of the toric code
is the surface code [2, 3], which is a two-dimensional sys-
tem with physical qubits still placed on edges of a lattice,
but the boundaries are now open. Several experimental
groups currently pursue the physical realization of sur-
face codes [4, 5] with the goal to use them as building
blocks in a quantum computer.
The toric code belongs to a more general class of topo-
logical systems known as quantum doubles, introduced
by Kitaev [1]. These are spin systems on a 2D lattice,
whose excitations are point-like and they correspond to
(non-abelian) anyons. Excitations of the quantum dou-
ble of group G correspond to the anyons described by
the mathematical construction [6] known as the Drinfeld
double D(G). For instance, the toric code is the quantum
double D(Z2) based on the group Z2.
The excitations of a topological quantum field theo-
ries are indistinguishable quasi-particles called anyons:
abelian if taking anyons around each other modifies their
wave function by only a phase, and non-abelian if taking
certain anyons around one another applies a nontrivial
unitary operation to their wave function. In topological
quantum field theories (TQFT), anyons carry a (non-
trivial) charge or flux and are accordingly grouped into
chargeons, fluxons and dyons when they carry both a
(nontrivial) charge and a (nontrivial) flux.
Quantum double models were introduced by Kitaev
as a lattice realization of topological quantum field the-
ories [1]. Those models are defined by a Hamiltonian
whose groundspace is spanned by vacuum states, i.e.,
states with no flux nor charge present. More precisely,
the Hamiltonian imposes an energy penalty equal to the
number of nontrivial charges or fluxes present.
Anyons are point-like excitations that appear on a site
of the lattice. They are labeled by irreducible represen-
tations (irreps) of the Drinfeld double D(G). However,
the spatial scale inherent to the lattice breaks the purely
topological properties of the model and introduces local
degrees of freedom. In particular, anyon types are not in
one-to-one correspondence with energy eigenspaces. In-
deed, two anyons of the same type can have different
energies depending on the local degrees of freedom. This
peculiar feature is already present in Kitaev’s original
Hamiltonian but is more explicit in the family of Hamil-
tonians we introduce in this paper. Those novel Hamil-
tonians generalize Kitaev’s original proposal since they
have additional local terms which allow to distinguish
among the different nontrivial fluxes and charges.
In this paper, we introduce a family of Hamiltonians
that assigns different energies to the different nontrivial
fluxes and charges of non-abelian quantum doublesD(G).
In these refined Hamiltonian, each term only acts on
four neighboring higher-dimensional spins (a.k.a qudits
in the quantum information jargon). Moreover, each 4-
local terms commute pairwise, resulting in a Hamiltonian
which can be solved explicitly. Our construction is quali-
tatively different than the 6-local terms introduced in [7]
since our family of Hamiltonian maintain the feature that
Hamiltonian term are either related to the charges or to
the fluxes. We then show how the 4-local charge and
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2flux projectors assign different energies to excitations by
partitioning the Hilbert space of excitations according
to charge and flux labels related to the representation
theory of the group G. Our construction emphasizes a
feature already present in Kitaev’s original proposal that
anyons are not in one-to-one correspondence with energy
eigenspaces of the Hamiltonian due to the presence of
local degrees of freedom.
Throughout the paper, we illustrate the notions we in-
troduced by analyzing the quantum double for the small-
est non-abelian group S3, the symmetry group of order 3,
whose quantum double structure was explored in [8, 9].
We explicitly write down the 4-local refined Hamiltonian
for this theory, see Eq. (49).
The paper is organized as follows. First, in Sec. II
we review the most important properties of non-abelian
anyons, and introduce the quantum double construction.
Second, in Sec. III we introduce the general charge and
flux projectors and construct the 4-local refined Hamil-
tonian, see Theorem 8. We analyze how these projectors
partition the Hilbert space of each site in Sec. IV and in-
troduce a diagrammatic representation to visualize this
partitioning, see Fig. 6. This diagrammatic representa-
tion reveals that anyons are not in one-to-one correspon-
dence with energy eigenspaces of the Hamiltonian due
to the presence of local degrees of freedom. We explore
how those local degrees of freedom arise out of the spa-
tial scale introduced by the lattice in Sec. V. Finally, we
conclude our findings and point out future directions in
Sec. VI.
II. THE DRINFELD DOUBLE CONSTRUCTION
AND THE QUANTUM DOUBLE MODELS
The quantum double construction realizes topologi-
cal lattice spin models whose anyonic excitations are
described mathematically by the Drinfeld double of a
group. To better appreciate the quantum double con-
struction, we first review the properties and mathemati-
cal formalism of non-abelian anyons in general. First, in
Sec. IIA we give an overview of the anyon labels and the
most important braiding properties. This pedagogical
exposition is largely inspired from John Preskill’s lecture
notes [10] and the reader is encouraged to consult those
notes for more details. Then we introduce the quantum
double construction on a lattice in Sec. II B.
A. Non-Abelian Aharonov-Bohm effect
Anyons can be understood by analogy to the
Aharonov-Bohm effect: taking a charge q around a flux
tube with flux Φ results in the wave function acquiring a
phase exp(iqΦ).
|ψ〉 → exp(iqΦ)|ψ〉 (1)
Non-Abelian anyons can be qualitatively understood
by generalizing the Aharonov-Bohm effect to fluxes
whose possible values correspond to the elements g of
a group G and the charge possible values are the irre-
ducible representations (irreps) Γ of G. In other words,
the Hilbert space of each quasiparticle is spanned either
by the flux orthonormal basis
H = span{|g〉}g∈G. (2)
or in a conjugate charge orthonormal basis
H = span{|Γ, i〉}irrepΓ,i=1...|Γ| (3)
in which we chose an (arbitrary) orthonormal basis
{|Γ, i〉i=1...|Γ|} for every module of each irrep Γ.
1. Labeling fluxons
To identify a fluxon, we can check how the basis trans-
forms when a charge Γ is transported around the fluxon
|Γ, j〉 →
|Γ|∑
i=1
DΓij(a)|Γ, i〉 (4)
Since the matrix elementsDΓij(a) can in principle be mea-
sured by interferometry [11], performing this for every
charge type |Γ, j〉 will reveal the flux a ∈ G.
However, labeling fluxons by group elements is not
gauge-invariant since another observer could choose an-
other orthonormal basis for the module of the irrep Γ. In
fact, the correct gauge-invariant quantity to label fluxons
is the conjugacy class:
Definition 1 (Conjugacy class).
Ca = {gag−1|g ∈ G}. (5)
Indeed, two observers will agree on the conjugacy class
of a fluxon even if they probably would disagree on the
representative group element within the conjugacy class.
2. Braiding of fluxons
We now want to understand what happens when braid-
ing fluxons. Let’s consider two fluxons side by side. The
left fluxon has flux a while the right fluxon has flux b
(locally, flux types are well defined). Let’s now counter-
clockwise exchange the fluxons, resulting in an operator
Rab. One can prove that the resulting effect is
Rab : |a, b〉 7→ |aba−1, a〉 (6)
i.e., the right flux has been conjugated by the left flux.
See Fig. 1 for a pictorial representation.
Note that two successive counterclockwise exchange is
equivalent to having the rightmost flux going around the
3Figure 1. (Color online) Braiding of two anyons, a and b: ap-
plying a counterclockwise exchange of the particles, resulting
in conjugacy of the original wave function.
leftmost flux counterclockwise, see Fig. 1. The net result
of that operation is
R2ab : |a, b〉 7→ |(ab)a(ab)−1, (ab)b(ab)−1〉 (7)
which is coherent with the claim that the conjugacy class
of a fluxon is gauge-invariant but the representative is
ambiguous since it can change by an arbitrarily far away
fluxon moving around it.
3. Dyon: anyon with nontrivial flux and nontrivial charge
While we have discussed how to label a chargeon (by
an irrep) and a fluxon (by a conjugacy class), we have yet
to discuss anyons that exhibit both a nontrivial charge
and a nontrivial flux. Such an anyon is called a dyon.
Suppose we wanted to measure the charge of a dyon. We
could set up an interferometric experiment. We could
place the dyon behind the slits in a double slit experiment
and measure the interferometry pattern for any incoming
test fluxon. However, since the dyon also carries flux,
subtleties arise. Indeed, the passage of the test fluxon
either to the left or the right of the dyon will modify the
flux of the dyon. Thus, interference will only occur if
the flux a of the dyon commutes with the flux b of the
test fluxon, i.e., if ab = ba. In other words, the charge Γ
of the dyon can be determined only if the probe fluxon
has a flux among the elements b commuting with a, i.e.,
within the normalizer of a
Definition 2 (Normalizer).
Na = {b ∈ G|ab = ba}. (8)
Note that a normalizer is always a subgroup of the
group G. We thus conclude that the charge Γ of a dyon
carrying flux a is not an irrep of the full G, but rather
an irrep of the normalizer Na.
The mathematical structure corresponding to an anyon
model is the Drinfeld double of a group which is a quasi-
triangular Hopf algebra. Anyon types are in one-to-one
correspondence with the irreps of that operator algebra.
Working out the irreps of the Drinfeld double only re-
quires knowledge of the representation theory of the un-
derlying group, since a key mathematical result is that
irreps of a Drinfeld double are labeled by i) a conjugacy
class and ii) an irrep of the normalizer of any element of
the conjugacy class (which are all isomorphic).
4. Quantum dimension of an anyon
In a Drinfeld double, the quantum dimension da associ-
ated to every anyon type a is the dimension of the vector
subspace associated to that anyon. It is thus an integer.
Given an anyon type (Cg, Γ), its quantum dimension is
d(Cg,Γ) = |Cg||Γ|. (9)
Moreover, another quantity of interest is the total quan-
tum dimension D of the model, which is related to the
quantum dimension of every anyon type by
D2 =
∑
anyons k
d2k. (10)
In the case of a quantum double, the total quantum di-
mension is related to the cardinality of the group
D2 = |G|2. (11)
This result might appear as mysterious: we will give an
interpretation of this result in Sec. IVC.
5. Example of D(S3)
As a more elaborate example of the above quantum
double structure, let’s look at the quantum double of
the smallest non-abelian group, D(S3). The group S3 is
isomorphic to the symmetry transformations of an equi-
lateral triangle (see Fig. 2):
• identity: e,
• rotations by pi/3 and 2pi/3: y, y2,
• mirrorings to the three different axes: x, xy, xy2 .
Because of the nature of these symmetries: y3 = e and
x2 = (xy)2 = (xy2)2 = e. The non-abelianity of S3 is
summed up by the commutation relation xy = y2x.
The anyons of the Drinfeld double of S3 are labeled
by the conjugacy classes of S3 and the irreducible repre-
sentations of normalizers of conjugacy classes. There are
three conjugacy classes of S3:
Ce = {e}, (12)
Cy = {y, y2}, (13)
Cx = {x, xy, xy2}, (14)
and the corresponding normalizers are
Ne = S3, (15)
Ny = Ny2 = {e, y, y2} ∼= Z3, (16)
Nx = {e, x} ∼= Nxy ∼= Nxy2 ∼= Z2. (17)
4Figure 2. (Color online) Symmetries of an equilateral triangle,
or elements of the group S3.
S3 e y y
2 x xy xy2
ΓS31 1 1 1 1 1 1
ΓS3−1 1 1 1 -1 -1 -1
ΓS32
(
1 0
0 1
) (
ω¯ 0
0 ω
) (
ω 0
0 ω¯
) (
0 1
1 0
) (
0 ω
ω¯ 0
) (
0 ω¯
ω 0
)
Table I. Irreducible representations of S3, i.e. the possible
charge labels with flux Ce.
We would like to point out here that while the nor-
malizers Ny and Ny2 are the same, independent of the
labeling, Nx, Nxy and Nxy2 are distinct, and only iso-
morphic to each other.
The irreducible representations of all these normalizers
are listed in Tables I-II. There and in the remainder of
the paper ω = exp(2pii/3) and ω¯ = exp(4pii/3) are the
third complex roots of unity.
In summary, this model has 8 anyons, these are listed
in Table III. Anyon A is the vacuum since it has both
trivial charge and flux. Anyons B and C are char-
geons, they correspond respectively to the signed and
two-dimensional irreps of S3. Anyons D and F are flux-
ons since they correspond to the trivial irrep of their re-
spective normalizers. Other anyons are dyons.
At this point, we have defined anyons and described
their braiding and fusion properties using a toy model of
non-abelian Aharonov-Bohm effect. We recovered, using
a physics point of view, the key properties of the Drin-
feld double of a group. In particular, we worked out in
detail the anyon types of D(S3). However, in this toy
model, anyons are fundamental particles. We will now
describe the quantum double construction by Kitaev in
which those anyons appear effectively as point-like exci-
tations on a spin lattice.
Z3 e y y2
ΓZ31 1 1 1
ΓZ3ω 1 ω ω¯
ΓZ3ω¯ 1 ω¯ ω
Z2 e x
ΓZ21 1 1
ΓZ2−1 1 -1
Table II. Irreducible representations of (a) Z3 and (b) Z2, i.e.
the possible charge labels with flux Cy and Cx.
Label Cg Ng Irrep. Q.dim. Type
A Ce S3 ΓS31 1 vacuum
B Ce S3 ΓS3−1 1 chargeon
C Ce S3 ΓS32 2 chargeon
D Cx Z2 ΓZ21 3 fluxon
E Cx Z2 ΓZ2−1 3 dyon
F Cy Z3 ΓZ31 2 fluxon
G Cy Z3 ΓZ3ω 2 dyon
H Cy Z3 ΓZ3ω¯ 2 dyon
Table III. Anyons of D(S3) with their charge and flux labels,
quantum dimensions and type.
Figure 3. (Color online) Our choice of orientation on the
lattice, with (a) how a vertex v and plaquette p form a site s,
and (b) the edge numbering we used to define the vertex and
plaquette operators Avg and Bph in Eqs. (22)-(23).
B. Kitaev’s quantum double on a lattice
A way to realize the non-abelian Aharonov-Bohm ef-
fect on a lattice is Kitaev’s quantum double construction
[1]. In this construction, charges reside on vertices and
fluxes are on plaquettes of the lattice, however, fluxes
and charges are not independent. A generic flux-charge
composite particle (dyon) lives on a site: a combination
of a vertex and a plaquette shown in Fig. 3.
This excitation structure is realized by first, assigning a
Hilbert space to each edge of the lattice, the state of each
edge can take any group element z ∈ G, then, defining a
Hamiltonian that describes the interactions in this model.
To introduce the Hamiltonian, let us define the following
operators:
L+g |z〉 = |gz〉, (18)
L−g |z〉 = |zg−1〉, (19)
T+h |z〉 = δh,z|z〉, (20)
T−h |z〉 = δh−1,z|z〉, (21)
where L+g and L−g are the matrices representing left- and
right-multiplication operators, T+h and T
−
h are diagonal
operators in the flux basis.
Then, we need to assign an orientation to the edges of
the lattice. We use the convention shown in Fig. 3 for a
site, i.e., the union of a vertex and a plaquette.
5We now introduce two families of operators, following
closely the original definition of [1].
Definition 3 (Plaquette operators). For any element
h ∈ G, we define an operator acting on the 4 spins around
an oriented plaquette p
Bph =
∑
h1h2h
−1
3 h
−1
4 =h
T+,1h1 ⊗ T
+,2
h2
⊗ T−,3h3 ⊗ T
−,4
h4
(22)
where the use of T±h depends on the respective orienta-
tions of the plaquette and the edges. See Fig. 3 for our
orientation convention and the labeling of the spins.
Definition 4 (Vertex operators). For any element g ∈ G,
we define a vertex operator, originally called star opera-
tors in [1], acting on the 4 spins around a vertex v
Avg = L+,1g ⊗ L+,4g ⊗ L−,5g ⊗ L−,6g (23)
where L+g appears for outgoing edges and L−g appears for
incoming edges. See Fig. 3 for our orientation convention
and the labeling of the spins.
How these operators act on a vertex and on a plaquette
is illustrated in Fig. 4. In order for individual Bph to be
properly defined even for a non-abelian group, we need
to specify a starting vertex on the plaquette, then specify
an orientation. Henceforth, we mark the starting vertex
by a black dot in Figures 3-4 and systematically orient
the plaquettes in a counterclockwise manner. Whenever
the orientation of an edge is opposite to the orientation
of the plaquette, a plaquette operator Bh acts on it with
T−h , otherwise it acts with T
+
h . Similarly for the vertex
operators: when the orientation of an edge points out-
wards from the vertex, Avg acts with L+g , otherwise with
L−g on that edge.
The projector unto the trivial flux at plaquette p is
simply the plaquette operator for the trivial element Bpe .
The projector unto trivial charge Av1 on vertex v is de-
fined as
Av1 =
∑
g∈G
Avg =
∑
g∈G
L+,1g ⊗ L+,4g ⊗ L−,5g ⊗ L−,6g , (24)
where the use of L+g vs. L−g again depends on the orienta-
tion of the edge with respect to the vertex. It is less triv-
ial to see why this operator projects to the trivial charge,
i.e., corresponds to the trivial representation. One expla-
nation is that for any g ∈ G, we have Av1Avg = Av1. Thus,
the image of Av1 is invariant under the action of any Avg ,
which is characteristic of the trivial representation.
Given vertex and plaquette operators, Kitaev intro-
duced the following Hamiltonian in [1].
Definition 5 (Kitaev Hamiltonian). The Kitaev Hamil-
tonian of a quantum double D(G) is
H = −
∑
v
Av1 −
∑
p
Bpe , (25)
Figure 4. The effect of the individual projector terms (Ag
and Bh) on a vertex and on a plaquette, respectively.
Please note that Hamiltonian (25) assigns an extensive
energy of −2 for every site in the vacuum (ground state).
Any vertex which does not carry the trivial charge re-
ceives an energy penalty. Similarly, any plaquette which
does not exhibit a trivial flux receives an energy penalty.
Example: Toric code
The simplest example of the above quantum double
construction is the toric code [1]. This is the quantum
double of Z2, thus the possible group elements on an edge
can be: {0, 1}, and all additions are understood modulo
2: 0 ⊕ 0 = 0, 0 ⊕ 1 = 1, 1 ⊕ 1 = 0. The corresponding
spin states |0〉 and |1〉 are the usual computational basis
for qubits.
In Z2, the left- and right-multiplication operators are
the same: L+0 = L
−
0 = 1 and L
+
1 = L
−
1 = X, where
X is the Pauli X operator. The diagonal operators are:
T+0 = T
−
0 = (1 + Z)/2 and T
+
1 = T
−
1 = (1− Z)/2, with
Z being the Pauli Z operator.
The operators projecting unto trivial flux and trivial
charge are (omitting the tensor product sign for simplic-
ity, please refer to Fig. 3 for the labeling convention):
Av = 11141516 + X1X4X5X6 and Bp = 11121314 +
Z1Z2Z3Z4, thus the Hamiltonian is
H = −
∑
v
(11141516 +X1X4X5X6)
−
∑
p
(11121314 + Z1Z2Z3Z4), (26)
or in its widely known form, after redefining the ground
state energy:
H = −
∑
v
X1X4X5X6 −
∑
p
Z1Z2Z3Z4. (27)
Similar to the general quantum double Hamiltonian of
Eq. (25), this Hamiltonian assign an extensive energy of
−2 to all sites in the vacuum state, and an energy penalty
for vertices with a non-trivial charge, and for plaquettes
with a non-trivial flux. Having a non-trivial charge or
flux at a certain vertex/plaquette is frequently referred to
6as "violating" that vertex/plaquette term in the Hamil-
tonian; the eigenvalue of each 4-body term is either +1
(no charge/flux) or −1 (charge/flux excitation). A vio-
lated vertex term corresponds to a charge excitation (e),
while a violated plaquette term means a flux excitation
is living on that plaquette (m). The four possible states
of a site are thus:
1 (vacuum)
e (charge)
m (flux)
 = e⊗m (dyon)
Further analyzing the Hamiltonian of Eq. (27), we can
see two main features of the model. First, the charges and
fluxes have decoupled from each other, which is typical
of abelian quantum doubles since any anyon type is the
juxtaposition of a charge and a flux. Indeed, the only
dyon is  = e⊗m, which is the simple combination of the
non-trivial charge (e) and the non-trivial flux (m), and
has no additional emergent properties.
Second, there is only one kind of excitation of either
type (1 electric charge (e) and 1 magnetic flux (m)) in this
model. Therefore, the Hamiltonian, which contains only
two projectors can distinguish the four types of anyons:
vacuum 1, electric chargeon e, magnetic fluxon m and
the dyon  = e ⊗m. We will refer to this as the Kitaev
Hamiltonian having 1-to-1 correspondence between en-
ergy eigenstates and anyon type, in the case of the toric
code.
We will now generalize the Kitaev Hamiltonian for
non-abelian models by introducing local terms which
project unto the different possible charges and the differ-
ent possible fluxes in Sec. III. We will argue that this is a
natural generalization of Kitaev’s Hamiltonian. However,
our generalization will highlight that anyon type and en-
ergy eigenspaces are not in one-to-one correspondence
for non-abelian quantum doubles in Sec. IV. This pecu-
liar feature was already present in Kitaev’s original con-
struction. This discrepancy between energy eigenspaces
and anyons stems from the presence of local degrees of
freedom that are not topological and arise from the lat-
tice, in the case of non-abelian models. Those will be
explored in Sec. V.
III. REFINED QUANTUM DOUBLE
HAMILTONIAN FOR ARBITRARY GROUP
We have seen in the previous section that the Kitaev
Hamiltonian given by Eq. (25) assigns an energy penalty
to any nontrivial charge and flux. However, it does
not distinguish among two distinct nontrivial charges or
fluxes. It is then natural to wonder whether one can en-
rich the model by introducing new local terms which will
introduce such a distinction? And if yes, how will that
change the excitation structure of the theory?
In this section, we introduce in Sec. III A a Hamilto-
nian that splits up the energies of different excitations for
any quantum double, and then, in Sec. III B, we work out
explicitly the corresponding Hamiltonian for the quan-
tum double of D(S3).
A. Refined quantum double construction
Our aim in this section is to introduce projectors unto
different nontrivial charges and fluxes. In Sec. II B we
have already given the form of the trivial flux projector
Bpe and trivial charge projector Av1. Even though these
vacuum projectors are independent of one another, and
are both 4-body operators, it is not trivial that one could
write independent 4-body charge- and flux-projectors.
This is because, unlike in the case of abelian quantum
doubles, the charge and flux of a site are tied to one an-
other when considering dyons, i.e. the charge is defined
as an irreducible representation of the normalizer of the
flux conjugacy class.
This section is organized as follows. We will first com-
ment on the reasons we insist on defining a Hamiltonian
whose terms are four-local in Sec. IIIA 1. We then outline
our construction by recalling the definition of flux pro-
jectors and introducing charge projectors in Sec. IIIA 2.
This allows us to define our family of refined Hamiltoni-
ans in Sec. III A 3. Namely, Theorem 8 is the novel family
of Hamiltonians introduced by our work. In the follow-
ing sections, we sketch the proof of Theorem 8 which
relies on proving that the charge projectors are indeed
an orthonormal family of projectors in Sec. IIIA 4 and
then proving that they commute with the flux projectors
in Sec. III A 5. Formal mathematical proofs are given in
the appendix.
1. Locality of the Hamiltonian
A simple route to assign different masses to each anyon
type would be to introduce a 6-local Hamiltonian. In-
deed, each anyon lives on a site comprised of 6 spins.
We can thus achieve an energy spectrum in one-to-one
correspondence with anyon types by introducing 6-local
projectors acting on sites, projecting unto the different
anyon species defined by the combination of a flux and
a charge label, P s
(Ch,Γ
Nh ) where Γ
Nh labels irreps of the
normalizer of each elements of Ch (which are isomorphic).
More precisely, we can define a massive 6-local Hamil-
tonian
H =
∑
s
∑
Ch
∑
irrep ΓNh
α(Ch,ΓNh )P
s
(Ch,Γ
Nh ), (28)
where the projectors have been defined in [7]
P
s=(p,v)
(Ch,Γ
Nh ) =
∑
g∈Ch
∑
g′∈Ng
dΓNg
|Ng| χΓNg (g
′)Avg′Bpg , (29)
7where dΓNg is the dimension of irrep Γ
Ng (an irrep of
the normalizer Ng) and χΓNg (g′) = Tr
[
ΓNg (g′)
]
is the
character of group element g′ in irrep ΓNg .
Thus, each coupling constants α(Ch,ΓNh ) corresponds
to the mass of an anyon type and they can be tuned
independently. While this Hamiltonian offers the great-
est flexibility for the energy spectrum, we will follow a
different construction for three main reasons:
1. First, we aim to have the non-abelian massive
Hamiltonian be as close in form to the original Ki-
taev construction as possible, and we can achieve
this without making our Hamiltonian more non-
local.
2. The second reason for 4-local terms in the Hamil-
tonian is that we would like our Hamiltonian to
remain local since it appears to be physically more
realistic. And even though it might be possible
to further decrease the degree of locality to 3-local
commuting terms for non-abelian models [12], we
have arguments that indicate that 2-local commut-
ing Hamiltonians cannot be topological in 2D [13].
Indeed, the 4-local toric code Hamiltonian can be
recovered effectively in the right parameter regime
of a nearest-neighbor 2-local, yet frustrated, Hamil-
tonian on a honeycomb lattice. More generally,
there is a procedure to turn a 4-local quantum dou-
ble Hamiltonian for arbitrary group into a frus-
trated 2-local Hamiltonian thanks to a so-called
’gadget construction’ [14].
3. Third, writing 4-local terms will allow us to un-
derline the discrepancy between anyon types and
energy eigenspaces arising from the emergence of
local degrees of freedom.
2. Flux and charge projectors
The operators acting on a plaquette and projecting to
a specific flux/specific group element have already been
introduced in Eq. (22). However, as pointed out earlier,
a group element does not provide a gauge-invariant label-
ing of fluxons. Thus, we are lead to define a flux projector
by considering a conjugacy class Ch
Definition 6 (Flux projectors). The flux projector as-
sociated to a conjugacy class Ch of a group G is
BCh =
∑
h′∈Ch
Bh′ . (30)
We now introduce a family of charge projectors which
generalizes the projector unto the trivial irrep introduced
by Kitaev in [1]. These charge projectors are cornerstones
of our refined quantum double construction.
Definition 7 (Charge projectors). The charge projector
associated to an irreducible representation Γ of the group
G is
AΓ =
dΓ
|G|
∑
g∈G
χΓ(g)Ag, (31)
where dΓ is the dimension of irrep Γ and χΓ(g) =
Tr [Γ(g)] is the character of group element g in irrep Γ.
These charge projectors can be thought of as a special
case of the 6-body projector introduced in [7] given by
Eq. (29), with Ch = Ce. Using only the set of projec-
tors defined in (30) and in (31) will lead to a different
partitioning of the Hilbert space than by using the 6-
body projectors of (29). This will be further explored in
Secs. IV-V.
We defer a sketch of the proof that those operators
are indeed orthogonal projectors to Sec. III A 4. One
can check that for abelian groups, our charge projectors
reduce to those introduced in Refs. [15, 16]. Our charge
projectors are reminiscent of similar objects introduced
in [8, 17] using the representations themselves rather than
the characters in the specific case of D(S3).
3. Definition of the refined quantum double Hamiltonian
Having defined flux projectors by Eq. (30) and charge
projectors by Eq. (31), we are now in a position to intro-
duce our novel family of commuting Hamiltonians which
assign different mass to different anyons.
Theorem 8. The following family of topological Hamil-
tonians have commuting projector 4-local terms
H =
∑
v
∑
irrep ΓG
αΓGA
v
ΓG +
∑
p
∑
Cg⊂G
βCgB
p
Cg
(32)
This family of commuting Hamiltonians is a central
contribution of the paper. They are a new family of
topological spin Hamiltonians made out of commuting
projectors, similar to well-known families of topological
models such as the Levin-Wen string-net models [18] and
the Turaev-Viro codes [19]. Compared to the Kitaev orig-
inal quantum double Hamiltonians, they present the new
feature of having tunable coupling constants that allow to
discriminate among non-trivial charges and fluxes while
preserving the useful mathematical properties of quan-
tum doubles. In particular, the coupling constants can
be chosen so that the groundspace is identical to the Ki-
taev Hamiltonian. Note that, for simplicity, we assumed
the coupling coefficients to be independent of the vertices
and the plaquettes, although they need not be.
We will now prove in Sec. III A 4 that the operators
defined by Eq. (31) are indeed projectors and then in
Sec. III A 5 that the charge and the flux projectors are
pairwise commuting.
84. Orthonormality of the charge projectors
Theorem 9 (Orthogonality of charge projectors). The
operators defined by Eq. (31) are orthonormal projectors
AΓAΛ = δΓΛAΓ (33)
Proof. This is a non-trivial consequence of the Great Or-
thogonality Theorem (GOT), see Fact 10. To prove this
theorem, we will first prove a basis-independent state-
ment of the GOT (Lemma 11). The full proof is deferred
to the appendix in Sec. A 2.
Fact 10 (Great Orthogonality Theorem).∑
g∈G
(Γ(g))ij (Λ(g))i′j′ =
|G|
dΓ
δΓΛδii′δjj′ (34)
where a is the complex conjugate of a ∈ C.
The Great Orthogonality Theorem is a strong result in
representation theory, usually stated at the level of ma-
trix elements of two representations Γ and Λ of a group
G [20]. In the proof of Theorem 9 we utilize the follow-
ing basis-independent version of the Great Orthogonality
Theorem. To our knowledge, this operator restatement
of the GOT is novel and could prove to be a useful tool
in operator theory.
Lemma 11 (Basis-independent GOT).∑
g∈G
Γ(g)⊗ Λ(g−1) = |G|
dΓ
δΓΛS (35)
where S is the swap operator, i.e., S : Cd×Cd → Cd×Cd
is defined by S (|i〉 ⊗ |j〉) = |j〉 ⊗ |i〉.
Proof. The proof is deferred to the appendix in Sec. A 1.
5. Commutation of flux and charge projectors
We now prove that the flux projectors defined by
Eq. (30) and charge projectors defined by Eq. (31) are
pairwise commuting. This commutation is key since it
entails that the two families of projectors split the Hilbert
space in a consistent way, and states can be labeled by
their common eigenstates.
Lemma 12 (Flux permutation by vertex operators). For
a plaquette p and vertex v that form a site, (p, v) = s
B(p)g = A(v)h−1B
(p)
hgh−1A
(v)
h ; (36)
for a plaquette p and vertex v that are parts of different
sites, p ∈ s1, v ∈ s2, s1 6= s2
B(p)g = A(v)h−1B(p)g A
(v)
h . (37)
Proof. The proof is deferred to the appendix in Sec. A 3.
Based on Lemma 12 we can prove that vertex opera-
tors commute with flux projectors (although they do not
commute with plaquette operators in general).
Theorem 13.
[BCg ,Ah] = 0 (38)
Proof. Lemma 12 shows that the vertex operators Ah
map the states belonging to one flux sector to another
flux sector. Note however that the new flux sector is
in the same conjugacy class as the original flux. More
formally, we have
Ah−1BCgAh =
∑
f∈Cg
Ah−1BfAh (39)
=
∑
f∈Cg
Bh−1fh (40)
= BCg (41)
The commutation relation (38) follows by noting that
Ah−1 = (Ah)−1 since vertex operators are a representa-
tion of G.
The immediate corollary is that charge projectors also
commute with flux projectors since they are linear com-
bination of vertex operators.
Corollary 14.
[AΓG , BCg ] = 0 (42)
We can interpret the commutation of the 4-body pro-
jectors as a decoupling of the charges from the fluxes.
However, there’s an apparent catch with both this state-
ment and this formalism: all the AΓG charge projec-
tors project unto an irreducible representation of the full
group G, rather than the appropriate normalizer sub-
groups Nh to which the charges are actually assigned.
This hints at the fact that excitations of distinct energy
in our family of Hamiltonians are not precisely anyons.
Indeed, the internal states of some anyon types will now
be split into two different energy eigenspaces. We will
see how this manifests itself on the example of D(S3), in
Secs. IV-V. Let’s start by working out in details the flux
and charge projectors of D(S3).
B. Example of G = S3
The flux projectors (30) in the case of G = S3 are:
BCe = Be, (43)
BCy = By +By2 , (44)
BCx = Bx +Bxy +Bxy2 . (45)
9The 4-body charge projectors (31) for S3 are:
AΓ1 =
1
6
(Ae +Ay +Ay2 +Ax +Axy +Axy2), (46)
AΓ−1 =
1
6
(Ae +Ay +Ay2 −Ax −Axy −Axy2), (47)
AΓ2 =
1
3
(2Ae −Ay −Ay2), (48)
since they are based on the characters of the irreducible
representations of S3 (see Table I for the irreps of S3).
The refined Hamiltonian (32) is then:
H =
∑
v
(αAvΓ1 + βA
v
Γ−1 + γA
v
Γ2)
+
∑
p
(δBpCe + B
p
Cx
+ νBpCy ). (49)
In contrast, the 6-body projectors (29) have the form
(see Table III for the labeling of anyons of D(S3)):
PA =
1
6
(Ae +Ay +Ay2 +Ax +Axy +Axy2)BCe ,(50)
PB =
1
6
(Ae +Ay +Ay2 −Ax −Axy −Axy2)BCe ,(51)
PC =
1
3
(2Ae −Ay −Ay2)BCe , (52)
PD =
1
2
(Ae +Ax)Bx + 1
2
(Ae +Axy)Bxy
+
1
2
(Ae +Axy2)Bxy2 , (53)
PE =
1
2
(Ae −Ax)Bx + 1
2
(Ae −Axy)Bxy
+
1
2
(Ae −Axy2)Bxy2 , (54)
PF =
1
3
(Ae +Ay +Ay2)BCy , (55)
PG =
1
3
(Ae + ωAy + ω¯Ay2)BCy , (56)
PH =
1
3
(Ae + ω¯Ay + ωAy2)BCy . (57)
The corresponding 6-local Hamiltonian (28) would al-
low to freely tune the masses of the anyons, albeit at a
cost of a more non-local Hamiltonian.
IV. HILBERT SPACE SPLITTING
In this Section, we elaborate on the way the charge and
flux projectors split up the Hilbert space of a site. Indeed,
we will see in Sec. IVA that both the charge and flux fam-
ily of projectors provide a distinct way to split the Hilbert
space unto which they are acting non-trivially. Moreover,
since those projectors commute, those two splittings are
consistent over the Hilbert space unto which they both
act non-trivially, i.e. the Hilbert space of 2 spins which
has dimension |G|2.
We will argue that the splitting of the common Hilbert
space of charge and flux operators induces a splitting of
the proper Hilbert space of a site. Because sites overlap,
the dimension of the proper Hilbert space of a single site
is smaller than the Hilbert space of the 6 spins forming
the site. We prove in Sec. IVB that this proper Hilbert
space also has dimension |G|2. In Sec. IVC, we introduce
a diagrammatic representation of this splitting. This di-
agram encapsulates all the results of this paper about the
structure of refined quantum double models.
A. Two distinct yet consistent ways to split the
Hilbert space
We first prove that the charge and flux projectors,
which respectively act non-trivially on four spins, add
up to the identity operator on the Hilbert space of di-
mension |G|4 of the four spins. Since they are orthogonal
projectors, charge (resp. flux) projectors provide an or-
thogonal resolution of the identity, i.e., the direct sum of
their images amounts to the full Hilbert space.
1. Resolution of the identity for charge projectors
Lemma 15. The dimension of the image of the charge
projector for the irreducible representation Γ is
Tr [AΓ] = |G|3 d2Γ (58)
where dΓ is the dimension of the irrep Γ.
Proof. Recall that the vertex operators Ag are tensor
products of 4 copies of the (left) regular representation
L. L(g) matrices are permutations with no fixed points,
unless g = e. Since the trace of a tensor product is the
product of the trace, A(g) is traceless unless g = e. The
vertex operator Ae is nothing but the identity matrix on
a space of dimension |G|4. Thus,
TrAg = |G|4 δge (59)
Simple calculation yields
Tr [AΓ] =
dΓ
|G|
∑
g∈G
χΓ(g)TrAg
= |G|3 dΓχΓ(e)
= |G|3 d2Γ. (60)
To see that the charge projectors add up to the identity
on the Hilbert space of the 4 spins, we use a well-known
fact from representation theory∑
Γ
d2Γ = |G|. (61)
Dimension counting and the fact that charge projectors
are orthogonal allows us to conclude that∑
Γ
AΓ = 1|G|4 (62)
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i.e., the charge projectors are an orthogonal resolution of
the identity for the Hilbert space of the 4 spins neighbor-
ing a vertex.
2. Resolution of the identity for flux projectors
Lemma 16. The dimension of the image of the flux pro-
jector for the conjugacy class Cg ⊂ G is
Tr
[
BCg
]
= |Cg||G|3. (63)
where |Cg| is the cardinality of the conjugacy class.
Proof. Flux projectors are sum of rank-one projectors
unto fluxes that belong to the same conjugacy class Cg.
Thus, to compute the dimension of the image of the flux
projectors, one needs to compute how many terms ap-
pear in the sum, i.e., how many ways 4 group elements
can be multiplied such that their product belongs to the
conjugacy class Cg. The first three group elements a, b, c
can be chosen arbitrarily in |G|3 distinct ways. Then the
fourth group element d is chosen such that the product
belongs to the conjugacy class Cg, i.e., d ∈ (abc)−1Cg.
Thus, there are |Cg| choices for d. This concludes the
proof.
Moreover, since every group element belongs to one
and only one conjugacy class, we know that∑
Cg⊂G
|Cg| = |G|. (64)
Dimension counting and the fact that flux projectors are
orthogonal allows us to conclude that∑
Cg⊂G
BCg = 1|G|4 (65)
i.e., the flux projectors are an orthogonal resolution of the
identity for the Hilbert space of the 4 spins of a plaquette.
B. Dimension of the proper Hilbert space of a site
Since the flux and charge projectors pairwise commute
(see Sec. III A 5), they provide a consistent splitting of
the Hilbert space unto which they both act non-trivially
in the sense that a basis of this Hilbert space is spanned
by common eigenstates. It is clear that the intersection of
their geometric support is two spins. The corresponding
Hilbert space has dimension |G|2.
Here we want to argue that this splitting of Hilbert
space induces a splitting of the Hilbert space of a site.
Naively, a site is made of 6 spins but since spins are
shared by many sites, the dimension of its proper Hilbert
space is smaller than |G|6. We will show that it is |G|2,
the same as the common Hilbert space of flux and charge
projectors.
To determine the dimension of this proper Hilbert
space, first recall that a site is the union of the four spins
around a plaquette and the four spins around a neigh-
boring vertex. Since 2 spins are shared, a site consists
of 6 spins. However, each spin belongs to three distinct
sites: one site in which it belongs to both the vertex and
the plaquette, one site for the other vertex and one site
for the other plaquette, see Fig. 5. Thus, the dimension
of the (proper) Hilbert space associated to every site is
d (Hsite) = 3
√
|G|6 = |G|2 (66)
Figure 5. (Color online) Illustration of the fact that every
edge belongs to exactly 3 sites. For the thick edge in the
figure the 3 sites are s1, s2 and s3.
A simple way to think about this is that for every site,
the two spins shared between the vertex and the plaque-
tte are assigned to this site while other spins of the site
are assigned to other neighboring sites.
C. Diagrammatic representation and energy
sectors
We now introduce a diagrammatic representation of
the splitting of the proper Hilbert space of a site which
we consider to be a very useful tool to better understand
the structure of quantum double models.
The diagram, represented on Fig. 6 for the case of
D(S3), is a square of size |G|. Each column is indexed by
an irrep Γ of G and its width is the squared dimension
of the irrep d2Γ. Columns thus correpond to the splitting
of the Hilbert space induced by the charge projectors.
Similarly, each row is indexed by a conjugacy class Cg of
G and its width is the cardinality of the conjugacy class
|Cg|. Rows correspond to the splitting induced by the
flux projectors.
1. Labeling of the energy sectors
Each intersection is now labeled by a conjugacy class
and an irrep. Notice that every such intersection
will have a well-defined energy (see our Hamiltonian,
11
Figure 6. (Color online) The flux and charge projectors
of D(S3) partition the Hilbert space of dimension |S3|2 =
36 unto which both family of operators act non-trivially.
The charge projector splitting defines columns. The flux
projectors, corresponding to conjugacy classes, define rows
(each row between dotted lines corresponds to a group el-
ement). The 9 energy sectors are represented {A,B,C =
C1⊕C2, D1, E1, D2⊕E2, F1, F2, G⊕H}. The labels are cho-
sen to reflect the relation of the excitations with the 8 anyon
types of D(S3). In particular, anyons D, E and F appear in
two distinct energy sectors and there are two copies of the
chargeon C, labeled C1 and C2. Note that the area of the
surface attributed to each anyon is equal to the square of its
quantum dimension. Labels in blue correspond to the rein-
terpretation of certain excitations as a combination of other
excitations (see Sec. VB1).
Eq. (49)), we will call these intersections energy sectors.
However, these energy sectors do not correspond directly
to anyon types since an irrep of the full group G can
split into the direct sum of irreps of the normalizer of
the conjugacy class. Let’s explore this on the example of
G = S3.
a. Trivial representation: D1 and F1 Restricting
the trivial representation of S3 to the normalizer sub-
group Nx or Ny will correspond to the trivial represen-
tation of both of those subgroups, i.e.,
ΓS31 |Nx = ΓZ21 (67)
ΓS31 |Ny = ΓZ31 (68)
Thus, the energy sectors in the first column, correspond-
ing to the trivial irrep of S3, correspond to anyon types
A, D and F (please refer to Table III for anyon labels for
S3) depending on their row, i.e., their conjugacy class.
For the non-abelian anyons D and F , we will label those
energy sectors D1 and F1 since we will see shortly that
other energy sectors correspond to those anyon types as
well.
b. Alternating representation: E1 and F2 Similarly,
restricting the alternating representation of S3 to Nx cor-
responds to the alternating representation of Nx (excita-
tion E1), and restricting it to Ny will give the trivial rep-
resentation of Ny (excitation F2). Thus, we have already
uncovered two energy sectors for anyon F .
ΓS3−1|Nx = ΓZ2−1 (69)
ΓS3−1|Ny = ΓZ31 (70)
c. Two-dimensional representation: D2 ⊕ E2 and
G⊕H Finally, the two-dimensional representation, re-
stricted to Nx or Ny will break up to two 1-dimensional
representations on the subgroups. These 1-dimensional
representations will be the trivial and the alternating of
Nx (dyons D2, E2), and the two nontrivial representa-
tions of Ny (dyons G and H).
ΓS32 |Nx = ΓZ21 ⊕ ΓZ2−1 (71)
ΓS32 |Ny = ΓZ3ω ⊕ ΓZ2ω¯ (72)
We refer the reader to Tables I-II to check these re-
lations between the representations of S3 and its sub-
groups. The breaking of irreps of the full group G = S3
into irreps of its subgroups Z2 and Z3 explains how our
refined Hamiltonian correctly accounts for anyons D, E,
F, G and H although the irreps of the normalizers Z2 and
Z3 do not have an associated Hamiltonian term. This
property can be made general for an arbitrary group G
by discussing induced representations, which we do in
Appendix B.
Even in the smallest non-abelian example (quantum
double of S3), irrep breaking leads to a very intricate
splitting of the Hilbert space. Consider the rectangle la-
beled by Cx and ΓS32 . The two-dimensional irrep will
split into the sum of two one-dimensional irreps of Z2.
However, the splitting is slightly different since the nor-
malizers Nx, Nxy and Nxy2 , while isomorphic, are not
equal.
2. Energies
Recall the Hamiltonian given by Eq. (49). We can
compute the energy associated to each energy eigenspace
(energy sector), which we denote J to avoid confusion
with anyon type E. This Hamiltonian assigns the follow-
ing energies to the excitations: JA = α+ δ, JB = β + δ,
JC1 = JC2 = γ + δ, JD1 = α + , JD2 = JE2 = γ + ,
JE1 = β + , JF1 = α + ν and JF2 = β + ν, JG = JH =
γ + ν. Thus, we see that anyon types D, E and F , can
be in different energy eigenspaces. This is surprising and
should not be possible from a topological point of view.
However, anyons in a quantum double are not fundamen-
tal particles, rather emergent quasi-particles on a lattice
model. We will now explore further this discrepancy and
see that the existence of local degrees of freedom on a
lattice explains the different energies attributed to states
corresponding to the same anyon at the mesoscopic level.
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3. Dimension and area of the diagram
Finally, note that the area of the rectangle (or the sum
of the areas of distinct rectangles when an anyon occupies
different energy sectors) is exactly the squared quantum
dimension of that anyon (dk)2. Since the area of the
whole square is |G|2, we recover the well-known result
D2 ≡
∑
k
(dk)
2 = |G|2 (73)
We will see that the topological degrees of freedom of an
anyon have dimension dk while the local degrees of free-
dom have also dimension dk, which results in a dimension
(dk)
2 for each anyon.
V. LOCAL DEGREES OF FREEDOM
We now elucidate the fact that anyon types are not in
one-to-one correspondence with energy sectors. We will
argue that anyon types are labels that are topological
at the mesoscopic level, in the sense that they cannot
be changed locally. However, additional local degrees of
freedom, which can be modified by local unitary trans-
formations acting close to the excitations, also arise. We
explore the complex interplay of those different types of
degrees of freedom.
A. Disagreement between anyons and energy
sectors
The way the Hilbert space of a site is split up by the
charge and flux projectors, detailed in Sec. IV, leads to a
disagreement between energy sectors of our Hamiltonian
and anyon labels. Here, we will explain in detail what we
mean by this disagreement.
First, chargeons appear in mutliple copies. For G =
S3, the chargeon C corresponding to the non-trivial 2D
irrep appears in 2 copies, labelled C1 and C2. In general,
an irrep ΓG will result in a number of copies equal to its
dimension dΓG . This simply reflects that the multiplicity
of the irrep in the regular representation is equal to its
dimension.
Second, some anyons appear in multiple energy sectors.
As an example, let’s look at anyon D, which appears in
two distinct energy sectors of the diagram since the trivial
irrep of Z2 can be obtained from the trivial irrep of S3,
see Eq. (67), or from the two-dimensional irrep of S3, see
Eq. (71). We say that anyon D comes in two distinct
charge flavors. Each charge flavor is an eigenspace of the
Hamiltonian. D1 labels a subspace with dimension three
and is within the image of the trivial irrep of S3 whereas
the label D2 labels a subspace of dimension six and is
within the image of the two-dim irrep of S3. The same
phenomenon relates E1 to E2 and F1 to F2.
It seems peculiar that a local observable allows to dis-
tinguish two subspaces of internal states of anyon D (i.e.
the two charge flavors). This even seems like a violation
of anyonic properties of D, since by simply applying the
local operators A
Γ
S3
1
and A
Γ
S3
2
we can establish a global
labeling that differentiates between the two charge fla-
vors based on their energies. How is that possible if both
those charge flavors of D are just subspaces of one and the
same anyon? We will argue that the anyon labelling cor-
responds to degrees of freedom that cannot be changed
locally whereas there exist local degrees of freedom that
can be changed locally. The charge projectors discrimi-
nates among those local degrees of freedom.
The surprising property that site excitations corre-
sponding to the same anyon type can have different ener-
gies is not a peculiarity of our family of Hamiltonians. In
fact, this property was already present in Kitaev’s origi-
nal Hamiltonian. Indeed, in the original quantum double
construction, the pairs (D1, D2) and (F1, F2) would have
different energy. Our family of Hamiltonian simply high-
lights this property.
B. The role of finite lattice spacing
The charge projectors act on the four spins around a
vertex, and not on the remaining two spins of a site, see
Fig. 4. They can be interpreted as operators that coher-
ently move all fluxon types and check that they transform
according to the correct irrep [7]. In particular, note that
those test fluxons do not enclose the flux content of the
site.
Now, let us recall the interference experiment described
in Sec. II A, that allows us to determine the charge of a
dyon by having test fluxons undergo a double slit exper-
iment with the dyon located behind the slits. It was key
in that experiment that the flux of the test fluxon (a)
and the flux of the measured dyon (b) have commuting
labels, i.e., ab = ba, in order to have interference. The
consequence of this requirement was that the charge of
the measured dyon was labeled by an irrep of the normal-
izer Nb rather than an irrep of the full group G. However,
this requirement stemmed from the fact that in a topo-
logical quantum field theory, to determine the charge of
a dyon, one cannot avoid enclosing the flux of the dyon
as well. But does that fact still hold in our lattice model?
Indeed, in the quantum double construction, the
charge of a dyon is located on a vertex whereas its flux
is located on a plaquette, see Fig. 7. In other words, the
lattice separates charge and flux. This separation then
allows something that would be impossible in a field the-
ory: to braid the test fluxon with the charge part of a
dyon without enclosing its flux. The corresponding word-
line for the text fluxon is represented in purple on Fig. 7
(worldline 1), whereas the wordline allowed by field the-
ory is represented in black (worldline 2). Consequently,
this experiment discriminates different charge flavors of
a dyon.
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Figure 7. Spatial separation of charge and flux of a dyon on
the lattice: the charge is located on a vertex, while the flux is
on the plaquette. This allows one to take a test flux around
only the charge part of a dyon following the test fluxon world-
line 1. Such interferometric experiment allows to determine
not only its charge but also its charge flavor since it is unaf-
fected by the flux of the dyon. On the contrary, topological
quantum field theory only allows for test fluxon worldline 2
which encloses both the charge and flux of the dyon.
1. Interpreting charge flavors in D(S3)
Based on the arguments above, we can understand bet-
ter the meaning of the charge flavors D1 vs D2, E1 vs E2
or F1 vs F2. For instance, for anyon F: F1 is a pure
fluxon since its charge is the trivial irrep of S3 while F2
has the non-trivial alternating charge (see Fig. 6). They
both correspond to anyon F since the alternating charge
becomes trivial when restricted to the normalizer Ny as
indicated by Eq. (70). One way to interpret this result
is that F2 is an excitation on a site which contains both
a fluxon F1 on the plaquette and a chargeon B on the
vertex. Thus,
F2 = B ⊗ F1 (74)
which agrees with the known fusion rules of D(S3) which
state that B ⊗ F = F [9]. In terms of masses, one can
notice thatMF2 = MF1 +MB , where for anyon X:MX =
JX − JA, i.e. mass is the energy penalty of anyon X
compared to vacuum. Thus, one can think of F2 as a
composite anyon made of F1 and B. We will see that
a similar relation between masses will be true for the
following examples as well.
Similarly, the anyon E1 is a composite anyon made of
the fluxon D1 with the chargeon B
E1 = B ⊗D1, (75)
as well as the fusion rules state B ⊗D = E [9].
The other case of energy sector–anyon disagreement is
slightly more involved since it involves a direct sum:
D2 ⊕ E2 = C ⊗D1 (76)
i.e., the combination of the chargeon C (either from the
C1 or C2 copies) with a fluxon D1 is a superposition
of anyon D and E with a charge corresponding to the
two-dimensional irrep of S3. The Hamiltonian doesn’t
distinguish D2 from E2 since they have the same energy.
The fusion rules are again in agreement with this state-
ment: C ⊗D = D ⊕ E [9]. Similarly, the energy sector
G⊕H results from the combination of a chargeon C and
a fluxon F1:
G⊕H = C ⊗ F1, (77)
which agrees with the fusion rule C ⊗ F = G⊕H [9].
We can relabel the energy sectors of Fig. 6 based on
those combinations of flux and charge. The new labels
are indicated in blue.
C. Local vs global degrees of freedom
We now argue that charge flavor is a local degree of
freedom which can be transformed by a local unitary
whereas anyon labels cannot be changed locally. We
present an intuitive argument and refer to [7] for a for-
mal, yet distinct, argument.
The charge flavor cannot be discriminated by any op-
erator that encloses the whole site s = (v, p), since it
requires enclosing the vertex v without enclosing the pla-
quette p (see Fig. 7). This means that two distinct charge
flavors, say D1 and D2, have the same reduced density
matrix outside the site, i.e., on the set of spins that do
not belong to that site s. Yet, they correspond to distinct
global states |ψ1〉 and |ψ2〉 on the whole lattice. Since
those states are purifications of the same reduced den-
sity matrix, there exists a local unitary transformation
Us acting only on the site s such that Us|ψ1〉 = |ψ2〉. A
similar statement holds for different copies of a chargeon
such as C1 and C2.
The presence of local degrees of freedom explains that
the dimension of the subspace associated with an anyon
labeled by the conjugacy class Cg and the irrep Γ of its
normalizer is
d2 = (|Cg||dΓ|)2 (78)
rather than d, which we expect from topological quantum
field theory [10]. The dimension of the anyon is the prod-
uct of the dimensions of its local and topological degrees
of freedom. It turns out that for quantum double mod-
els there are as many local degrees of freedom as global
topological degrees of freedom [7], i.e.,
dlocal = dtopo = d. (79)
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Thus, in a quantum double model, due to the lattice,
each anyon corresponds to a subspace of dimension
dlocal × dglobal = d2. (80)
This result confirms the observation made on the anyon
splitting diagram of Fig. 6 in which each anyon corre-
sponds to a surface of area d2. Moreover, the total area
|G|2 = ∑k d2k is a graphical representation of the identity
given by Eq. (73).
VI. DISCUSSION
In this paper, we introduced a new family of 2D
topological spin lattice models which generalize Kitaev’s
quantum double construction. The Hamiltonian of this
new class of topological models are given by a translation-
invariant sum of local commuting terms acting each on 4
neighboring spins.
We provided a proof on the commutation of those op-
erators which is based on a basis-independent reformula-
tion of the Great Orthogonality Theorem.
Each local term of that refined Hamiltonian can be
multiplied by a coupling constant which makes the en-
ergy spectrum of those models richer than the original
Kitaev quantum double construction. Moreover, the new
Hamiltonian highlights the feature that point-like excita-
tions on a site corresponding to the same anyon can have
different energies. This feature arises because the lattice
introduces local degrees of freedom in addition to topo-
logical degrees of freedom. The interplay between those
degrees of freedom might lead to surprising consequences.
A. Consequences for quantum computation
The disagreement between anyons and energy sectors
is already present in the original quantum double con-
struction, since Kitaev’s Hamiltonian would give differ-
ent masses to D1 which is a fluxon than D2 which is a
dyon (from the point of view of irreps of S3). Similar
properties hold for the two charge flavors of anyon F , la-
beled F1 and F2, as well as anyon E, labeled E1 and E2,
the latter would however not be distinguished by Kitaev’s
Hamiltonian. This leads us to the troubling question of
what (if any) consequences will arise in quantum compu-
tation with non-abelian anyons when performing them
on a lattice?
As the disagreement between anyons and energy sec-
tors arises due to the finite separation between flux and
charge of a dyon, one would have to be careful to perform
every braiding procedure on a large scale, making sure to
always braid with both flux and charge of a dyon. On
a large enough lattice system, we can imagine the spac-
ing will become insignificant, and no consequences will
arise. On the other hand, the environment could intro-
duce local noise that will project out one or the other
charge flavor of a dyon, possibly resulting in unexpected
processes, if for example, the local degrees of freedom
entangle with the topological degrees of freedom. It is
possible that this will not create problem for topologi-
cal quantum computation since it occurs in fusion space.
Nonetheless, clarifying those consequences needs careful
consideration, and is the scope of future work.
B. Consequences for quantum memories
Using our family of Hamiltonians allows for tuning the
masses of excitations, which will modify both the coher-
ent dynamics and the incoherent dynamics of the topo-
logical model in the presence of a (thermal) environment.
Thus, our family of Hamiltonian opens a new possibility
for quantum self-correcting models based on topological
models. Indeed, our models generalize the abelian con-
struction in Ref. [15] where a parameter regime interest-
ing for quantum self-correction was identified. In that
regime, it was argued that entropic effects lead to a dif-
ferent scaling of the memory time. While that improve-
ment was shown to not carry over in the low temperature
regime [16], a non-abelian model might yield a different
result or, at least, allow for a better understanding of
entropic effects in quantum double models.
C. Holography between local, topological and
fusion degrees of freedom?
The fact that local degrees of freedom and topological
degrees of freedom have the same dimension dk (where
k labels the anyon types) might be a clue pointing to an
underlying holography. Moreover, the dimension of the
subspace associated to an anyon on a site is (dk)2, which
is the same dimension as the fusion space of two anyons
of type k. We wonder whether this also hints at a deeper
mathematical/physical connection.
Finally, it seems that local degrees of freedom are
somehow unavoidable in a quantum double construction.
Indeed, anyons live on a site, whose proper Hilbert space
dimension is |G|2. In the absence of local degrees of free-
dom, the direct sum of every anyon subspace would have
dimension
∑
k dk. Since this last quantity is not simply
related to the dimension of the group |G|, local degrees
of freedom have to account for the dimension mismatch.
The situation is very different in Levin-Wen models [18]
in which the dimension of the spin is precisely the number
of anyon types.
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Appendix A: Mathematical proofs
We now detail the mathematical proofs of Sec. III.
1. Proof of Lemma 11
To prove Theorem 9, we need to first prove Lemma 11
which is a restatement of the Great Orthogonality theo-
rem, Fact 10.
Lemma (Basis-independent GOT).∑
g∈G
Γ(g)⊗ Λ(g−1) = |G|
dΓ
δΓΛS (A1)
where S is the swap operator, i.e., S : Cd×Cd → Cd×Cd
is defined by S (|i〉 ⊗ |j〉) = |j〉 ⊗ |i〉.
Proof. The proof is a sequence of simplifications. The
GOT is specifically used to simplify Eq. (A5):
∑
g∈G
Γ(g)⊗ Λ(g−1) (A2)
=
∑
g∈G
∑
ij
(Γ(g))ij |i〉〈j| ⊗
∑
k`
(
Λ(g−1)
)
k`
|k〉〈`| (A3)
=
∑
g∈G
∑
ij
(Γ(g))ij |i〉〈j| ⊗
∑
k`
(Λ(g))`k|k〉〈`| (A4)
=
∑
ijk`
∑
g∈G
(Γ(g))ij (Λ(g))`k|i〉〈j| ⊗ |k〉〈`| (A5)
=
∑
ijk`
|G|
dΓ
δΓΛδi`δjk|i〉〈j| ⊗ |k〉〈`| (A6)
=
|G|
dΓ
δΓΛ
∑
ij
|i〉〈j| ⊗ |j〉〈i| (A7)
=
|G|
dΓ
δΓΛS (A8)
2. Proof of Theorem 9
We can now prove Theorem 9.
Theorem (Orthogonality of charge projectors). The op-
erators defined by Eq. (31) are orthonormal projectors
AΓAΛ = δΓΛAΓ (A9)
Proof. Simple algebra shows that
AsΓA
s
Λ =
dΓdΛ
|G|2
∑
g,g′∈G
χΓ(g)χΛ(g
′)AsgAsg′ (A10)
=
dΓdΛ
|G|2
∑
h∈G
∑
g∈G
χΓ(g)χΛ(g
−1h)︸ ︷︷ ︸
(∗)
Ash (A11)
Figure 8. Relative configuration of a vertex and a plaquette in
the case when the commutation of charge and flux projectors
is nontrivial. The figure shows how a vertex operator acts on
these spins. Note that the flux around the plaquette, starting
from the vertex, is g = bfi−1a−1 prior to the application of
Ah. Afterward, the flux is now g′ = hbfi−1(ha)−1 = hgh−1.
We thus would like to prove that the (∗) term is pro-
portional to δΓΛ · χΛ(h).
Using the fact that Tr [A⊗B] = Tr [A]Tr [B], one can
rewrite the (∗) term as
(∗) = Tr
∑
g∈G
Γ(g)⊗ Λ(g)†
 (I⊗ Λ(h))
 . (A12)
We can now use Lemma 11 to express the trace as
(∗) = δΓΛ |G|
dΓ
Tr
∑
ij
(|i〉〈j| ⊗ (|j〉〈i|) Λ(h)
 (A13)
= δΓΛ
|G|
dΓ
∑
ij
δij〈i|Λ(h)|j〉 (A14)
= δΓΛ
|G|
dΓ
∑
i
(Λ(h))ii (A15)
= δΓΛ
|G|
dΓ
χΛ(h) (A16)
which concludes the proof of Theorem 9.
3. Proof of Lemma 12
We prove Lemma 12.
Lemma (Flux permutation by vertex operators). For a
plaquette p and vertex v that form a site, (p, v) = s
B(p)g = A(v)h−1B
(p)
hgh−1A
(v)
h ; (A17)
for a plaquette p and vertex v that are parts of different
sites, p ∈ s1, v ∈ s2, s1 6= s2
B(p)g = A(v)h−1B(p)g A
(v)
h . (A18)
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Proof. We will check the operator equality for an arbi-
trary state in which each spin is in a flux state (such
states span the full (Hilbert) space). Note that the pla-
quette operator Bg is in fact a projector unto states with
flux g threading the plaquette while states having a dif-
ferent flux are annihilated by Bg. Thus, the Hilbert space
is split into a direct sum
H = Ig ⊕Kg (A19)
where Ig (resp. Kg) denotes the image (resp. kernel) of
the projector. The image is spanned by states with flux
g while states with other flux span the kernel. We will
prove Eq. (A17) first for a state in Ig and then for a state
in Kg.
For a state |ψg〉 whose flux is g, i.e., Bg|ψg〉 = |ψg〉
the application of the vertex operator Ah will act non-
trivially on two spins around the plaquette and change its
flux to hgh−1 (when the plaquette and vertex operators
act on the same site, see Fig. 8). Thus, Ah|ψg〉 is in the
image of Bhgh−1 , i.e.,
Ah|ψg〉 = Bhgh−1Ah|ψg〉 (A20)
Finally, applying Ah−1 will restore the spins into their
original state and, in particular, restore the flux to
h−1(hgh−1)h = g, so that
Ah−1Bhgh−1Ah|ψg〉 = |ψg〉. (A21)
Let’s now consider a state |φ〉 whose flux is not g, i.e.,
Bg|φ〉 = 0. That state is a linear combination of states
with flux f 6= g. Let’s assume that |φ〉 has a well-defined
flux f (the general case will follow by linearity). Then,
Ah|φ〉 will have flux hfh−1 and will be annihilated by
Bhgh−1 since hfh−1 6= hgh−1. Thus,
Ah−1Bhgh−1Ah|φ〉 = 0. (A22)
Since we checked Eq. (A17) on the two sectors of
Eq. (A19), it is valid for any state of the Hilbert space.
Please note that we proved Eq. (A17) only for one respec-
tive position of the vertex with respect to the plaquette.
For the other three respective positions one can dutifully
check that the proof is also valid, resulting in Eq. (A18).
Appendix B: Induced representations of an
arbitrary quantum double D(G)
A surprising feature of our refined quantum double
Hamiltonian (49) (see Eq. (32) for the general form) is
that irreps of normalizers that are proper subgroups of
G do not have an associated Hamiltonian term. For in-
stance, in the case of D(S3), the irreps of Z2 and Z3 do
not have an associated Hamiltonian term. How is it then
that anyons D, E, F, G and H which are labelled by irreps
of those two subgroups are correctly accounted for?
The reason they have not been forgotten is that the ir-
reps of those subgroups appear when restricting the irrep
of S3 to the fluxes within a normalizer. For instance, if
we know that a dyon has flux in the conjugacy class Cy
and that the charge on the vertex corresponds to the 2-
dim irrep ΓS32 , we should consider the action of this irrep
restricted to the elements of the normalizer Ny. One can
straightforwardly check that the 2-dim irrep of the group
splits into two 1-dim irreps of the subgroup Z3, i.e., recall
Eq. (72):
ΓS32 |Ny = ΓZ3ω ⊕ ΓZ3ω¯ . (B1)
Thus, the anyons G = (Cy,ΓZ3ω ) and H = (Cy,Γ
Z3
ω¯ ) are
accounted for. However, our Hamiltonian will give them
the same mass since it does not distinguish between them.
This is a general feature of our construction in the sense
that the splitting of irrep of the group G to recover irreps
of the normalizer will happen for any group G.
Indeed, the statements about the correspondence be-
tween representations of the group and its subgroups can
be made rigorous for any group G. For any finite group
G, the AΓG charge projector corresponding to irrep ΓG
will contain in its image the particle with trivial flux and
ΓG charge, as well as all particles that have non-trivial
flux Ch (h 6= e) and their charge corresponds to the re-
stricted representation [20] of ΓG onto the appropriate
normalizer subgroup Nh:
(Ce,Γ
G) ⊂ =[AΓG ] (B2)
(Ch,Γ
G|Nh) ⊂ =[AΓG ] (B3)
where =[O] denotes the image of operator O and ⊂means
that the anyon labeled by the pair (conjugacy class, irrep)
corresponds to a subspace located within the vector space
on the right hand-side.
If ΓG|Nh is reducible on Nh, then anyons instead will
correspond to the resulting irreps:
ΓG|Nh =
⊕
i
ΓNhi (B4)
anyon labeli = (Ch,Γ
Nh
i ) (B5)
and all such anyons (∀i) will have the same energy. For
example, for the group G = S3, anyons G and H have
the same energy.
Similarly, one might ask the converse question: if we
take an anyon type (Ch,ΓNh), does the 4-local Hamil-
tonian account for it? The answer is yes; one needs to
consider the induced representation κG from ΓNh onto
the full group G [20]. In the case that the induced rep-
resentation is irreducible on G, then that anyon labelled
(Ch,Γ
Nh) corresponds to charge κG
IndGNh(Γ
Nh) = κG (B6)
(Ch,Γ
Nh) ⊂ =[AκG ]. (B7)
whereas, in the case the induced representation is
reducible on the group G, then the anyon labelled
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(Ch,Γ
Nh) corresponds to different charge flavors κGi :
IndGNh(Γ
Nh) =
⊕
i
κGi (B8)
(Ch,Γ
Nh) ⊂ =[AκGi ] ∀i. (B9)
For example, for G = S3, anyon F is in the image of
both A
Γ
S3
1
and A
Γ
S3
−1
, as ΓS31 and Γ
S3
−1 are the irreducible
components of IndS3Ny (Γ
Ny
1 ).
